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$u^{1},u^{2},$ $\ldots,u^{n}$ $U$, $f^{1},f^{2},$ $\ldots,f^{n}$
$F(U)$ , 1 :
$U_{t}+F(U)_{x}=0$ , $(x,t)\in R\cross b$ (1)
. , $t=0$ $U\mathrm{o}(x)$ , :





$(\rho u)_{t}+(pu^{2}+p)_{x}=0$ : ,
[$\rho(\epsilon+\mathrm{z}^{u)]_{t}}12+[\rho u(\epsilon+\frac{1}{2}u^{2})+pu]_{x}=0$ :
(3)
, $\rho$ : , $u$ : , $\epsilon$ : , $p$ : , $s$ : , $p$
$p=p(\rho,s)$ . $\text{ }$ , (polytropic gas) ,
$\epsilon=\not\in_{\gamma-\mathrm{U}}^{-}$ , $p=\rho^{\gamma}\exp(_{\mathrm{R}}^{\gamma-1}(s-s_{0}))$ , $\gamma>1$ (4)





. , (isentropic) ,
$v_{t^{-u}\epsilon=0}$, $u_{t}+p\epsilon=0$ ($p=a^{2}v^{-\gamma},\gamma>1,a$ : ). (6)
. (isothermal gas) $\gamma=1$ .
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$U=U(x,t)$ , (1) :
$U_{t}+F(U)U_{x}=0$, $(x,t)\in R\cross R_{+}$ (7)
. , $F’(U)$ $n$ (
) :
$\lambda_{1}(U)<\lambda_{2}(U)<\cdots<\lambda_{n}(U)$ (8)
, (7) (hyperbolic system) $\mathrm{A}$ $\mathrm{a}$ , (1) (hyperbolic
system of cons\sigma tion laws) . , $\lambda_{j}(U)$ $F’(U)$
1 , $R_{j}(U)$ $U$ ;
(characteristic field) .
Ll (7) $j$ - (genuinely nonlinear)
$\ovalbox{\tt\small REJECT}(U)\cdot\nabla\lambda_{j}\neq 0$ (9)
$\mathrm{A}\mathrm{a}$ . $u^{1},u^{2},$ $\ldots,u^{n}$ (gadient) .
$\ovalbox{\tt\small REJECT}(U)\cdot\nabla\lambda_{j}\equiv 0$ (10)
, (hnearly degenerate) .
, ,
. , $U\mathrm{o}(x)$ Lipschitz , $t=0$
( ) (Courant [11] 5 6 ). ,
. C (John[20], Lax [24]). $\text{ }$ ,
(7) Cx . ,
, (1) (weak solution) .
L2 $U(x,t)$ (1), (2) . $C^{1_{-}}$ (
) $\phi\in C_{\mathrm{c}}^{1}(R\cross R)$ :
$\int\int_{R\mathrm{x}R_{+}}\{U\cdot\phi_{t}+F(U)\cdot\phi_{x}\}dxdt+\int_{R}U_{0}(x)\cdot\phi(x,0)dx=0$ (11)
. $U\cdot\phi\iota,F(U)\cdot a\phi_{e}$ , $R\cross R$
(support; $\phi(x,t)\neq 0$ $(x,t)$ ) $C_{\mathrm{C}}^{1}(R\mathrm{x}R)$ .
, C . , C $x=x(t)$
$C^{1}$- , $U(x,t)$ . $s=$ , $U\pm=U(x(t)\pm$
$0,t),F\pm=F(U\pm)$ .





$\frac{dU}{d\epsilon}=R_{j}(U)$ , $U(0)=U_{0}$ . (13)
, $U0$ $j$- ($j$-integral curve) .
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1.2
$(x,t)arrow(\alpha x,\alpha t)$ $(\alpha>0)$ . $U(\alpha x,\alpha t)=$
$U(x,t)$ : (self-similar solution) ,




$U_{R}$ , $x>0$ . (14)
(Riemum problem) .
(Lax[22])
L2 , $|U_{L}-U_{R}|$ ,




, $U_{L},$ $U_{R}$ ( 1).
Ll $U\mathit{0}\in\Omega$ , 2 $\mathcal{U}_{1}\subset \mathcal{U}_{2}$ , $U_{L},$ $U_{R}\in \mathcal{U}_{1}$
, $U_{1},$ $\ldots,$ $U_{n-1}$ $\mathcal{U}_{2}$ . ,
$U_{L},$ $U_{R}$ C2- .
, .
L2 $U_{L}=U_{0},$ $U_{1},$ $\ldots,U_{n}=U_{R}$ . $U_{j-1}$ $U_{\mathrm{j}}$
. : $U0$ j-
$U_{j}(\epsilon;U_{0})$ , $h$ $mh\leq\epsilon_{j}<(m+1)h(\epsilon_{j}$ : j-
) $m$ , $U_{j}^{(l)}(0\leq l\leq m)$
$U_{j}^{(0)}=Uj-1$ , $U_{j}^{(l)}=U_{j}(lh;U_{j-1})=Uj(h;U_{j}^{(l-1)})$ (15)
, $U^{h}$ $l=0,1,$ $\ldots,m$
$U^{h}(x,t)=U_{j}^{(l)}$ , $\lambda_{j}(U_{j}^{(l)})t<x<\lambda_{j}(U_{j}^{(\mathrm{t}+1)})t$ (16)
$(U_{j}^{(m+1)}=U_{j})$ . , ( )
. $j$- , \succ $\mathrm{A}\mathrm{a},$ $U^{h}$
$\xi\pi s_{\backslash }^{\backslash }\backslash$ . , $U^{h}$ $U$ . , , $\phi$





(11) Ghmm [16] .
L3 , : $T.V.U_{0}$
, (1), (2) .
L2 , $(x,t)$ $U(x\pm 0,t)$ ,
( ) . Glimm
$U^{h}(x,t)$ . $t=0$ , $U_{0}(x)$
$U^{h}(x,0)=U_{0}^{(m)}$ , $mh<x<(m+1)h$ $(m=0,\pm 1, \ldots)$ . (18)
$U_{0}^{(m)}$ , $mh<x<(m+1)h$ . $k$ Courant-Friedrich
–2hk=\lambda >s.$\cdot$upl (U)l(19)






. , (19) , $(mh,0)$ $0\leq t<k$ ,
$U^{h}(x,t)$ . , $U_{1}^{(m)}$ $mh<x<(m+1)h$
$U^{h}(x,k-\mathrm{O})$ , $t=k$
. , $U_{k}^{(m)}(k=1,2, \ldots)$ , .
, $T.V.U^{h}(*,t)$ ( )
. (31) . , ,
$x$
$L^{1}$ $t$ . ,
, $[0, 1]$ $\theta=\{\theta_{n}\}$ ,
$U^{h}(x,nk)=U^{h}$( $(m+\theta_{n})h$,nk-O), $mh<x<(m+1)h$ $(m=0,\pm 1, \ldots)$ (21)
, , .
Liu [28] , , . –
DiPema [15] $2\cross 2$- , ( ) ,
, 2
. , Bressan [3], Risebro [33] , ($\mathrm{w}\mathrm{a}\mathrm{v}\triangleright \mathrm{f}\mathrm{f}\mathrm{o}\mathrm{n}\mathrm{t}$ tracking)
. , Glimm ,
Breaean [4], [6], [5] , $L^{1}$- , .
, Bressan [3] [7] ,
. , Lax [25], Smoller [36], Serre [35], H\"omander [19], Dafermos
[13] .
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22.1 Bressan[3], Rise $\mathrm{r}\mathrm{o}$ [33]
:
$u_{t}+f(u)_{x}=0$ $(x,t)\in R\mathrm{x}R_{+}$ , $u(x,0)=\mathrm{u}\mathrm{o}(x)$ $x\in R$ (22)
.





. , $uL<u_{R}$ . $\{(u,v);u_{L}\leq\backslash$
$u\leq u_{R},$ $v\geq f(u)\}$ , $u_{L}=u^{0}<u^{1}<\cdots<u^{n}=u_{R}$ ,
$\mathrm{n}_{j},$ $0\leq j\leq n$
$\Pi_{j}$ : $\frac{f(u^{j})-f(u^{j-1})}{\mathrm{e}\dot{\theta}-\mathrm{e}\dot{p}^{-1}}<\frac{x}{t}$ $\frac{f(u^{\mathrm{j}+1})-f(u^{j})}{\mathrm{t}\dot{d}^{+1}-\tau\dot{d}}$
; . $u(x,t)$
$u(x,t)=u^{j}$ $(x,t)\in \mathrm{n}_{j}$ , $0\leq j\leq n$
, $u(x,t)$ .
1. $u(x,t)$ , ( ).
2. , $u_{+},u_{-}$ .
(a) $s= \frac{dx}{dt}$ .
$s= \frac{f(u_{+})-f(u_{-})}{u+-u_{-}}$ (23)
(b) $u_{+}$ $u_{-}$ $u$ , .
$\frac{f(u_{+})-f(u)}{u_{+}-u}\leq\frac{f(u_{+})-f(u_{-})}{u_{+}-u_{-}}$ (24)
, $u(x,t)$ . ,
$u_{L}>u_{R}$ , $\{(u,v);u_{L}\leq u\leq u_{R}, v\leq f(u)\}$ .
( 1 ) $(u^{j}, f(u^{j})),$ $1\leq j\leq n$ , $uo(x)$
$lj_{0},1\leq j\leq m$ , ,
I={ 14, ... , $u_{0}^{m}$ } $\cup\{u^{1},u^{2}, \ldots,u^{n}\}$
.
1. $\mathrm{e}\dot{*}^{-1}$ $u_{0}^{j}$ . ,
.
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2. . $t_{1}$ , $u(x,t_{1})$
, , .
3. .
1. T.V.u(*,t)\leq T.V. , 2. $||u||\iota\infty\leq||u\mathrm{o}||_{L\infty}$ , (25)
3. $||u(*,t)-u(*,s)||_{L^{1}}\leq K(t-s)$ , $t>s$, (26)
. , 1. , $t1,$ $t2,$ $\ldots,$ $t_{N}$
, $t=\infty$ ([7] ).
, Helly Oleinik [32] (Glimm [16], Smoller [36]
) , .
80 , 2 , Glimm 2
. Gh.mm-Issac8on-Marchaein-McBryan [18] ,
, . ,
, (1 )
. , , $(30 \mathrm{x}30)$ .
Chern-Glimm-McBryan-Plohr-Yaniv[9] , , fJ
. front $\mathrm{t}\mathrm{r}\mathrm{a}(\mathrm{k}\mathrm{i}\mathrm{n}\mathrm{g}$ ,
Chern [8] . , 1 ( )
,
. , Glimm ,
,
. , [2] Muweu .
2.2 Breaean
$\text{ }$ [3], [7] . $U_{0}(x)$ $U\mathrm{o}(x)-U_{\infty}\in L^{1}(R\cap BV(R))$ ,
$U_{\infty}=U_{0}(\pm\infty)$ , $h$ . $R$ $\{xj\}_{j=1}^{N_{\mathrm{O}}}$ .
$x_{1}= \inf\{x;|Uo(x)-U_{\infty}|>h\}$,
$x_{n+1}= \inf${$x;x>x_{n}$ and $|U_{0}(x)-$ $\lim$ $U(x)|>h$}.
$aearrow ae_{n}+0$
$U_{0}^{h}(x)=\{$
$U_{\infty}$ , $x<x_{1}$ ,
$U\mathrm{o}(x_{n}+0)$, $x_{n}\leq x<x_{n+1}$ ,
$U_{\infty}$ , $x\geq x_{N_{0}}$
, $a \sup_{e\neq x_{n}}|U_{0}^{h}(x)-U_{0}(x)|\leq h$ $harrow \mathrm{O}$ $L_{l_{\Phi}\epsilon}^{1}$ $U_{0}^{h}arrow U0$ .
$x=x_{n}$ , $U_{L}=U_{0}^{h}(x_{n}-0)$ , UR=Uoh\Leftarrow +0) ,
K ( L2 ) . (




. ( 3). $t=t_{m}$ $m$
, $\lim_{marrow\infty}t_{m}=T$ . $T=\infty$ , , $n\geq 2$
. , ,
.




. , $J_{m}$ $U^{h}(x,t)$ $x$ . $L(J_{m})$
. $t=t_{m}$ , $x=x_{l}$ ,
, $\alpha!_{1}^{1)}.,\alpha!_{2}^{2)}.,$ $\ldots,\alpha!_{\mathrm{p}}^{\mathrm{p})}$. ( 2). , $i_{k}$ , $i_{k^{-}}$
,







21( ) , P\iota ,
$\epsilon:=\sum_{k}\epsilon!^{k)}.=.\sum_{k\cdot _{k}=:}\alpha_{i_{k}}^{(k)}+O(1)Q(\mathrm{P}_{l,m})$
, $i=1,2,$ $\ldots,n$ (29)
. , i- .
, Glimm [16] . 2 $\alpha,\beta\in$
$W(J_{m})$ , $\alpha$ : $j$- , $\beta$ : $k$- $\alpha$ $\beta$ $x=-\infty$ $J_{m}$ . , (1)
$j>k$ , (2) $j=k$ , . $J_{m}$







. $K_{0}\geq 2K$ .
$L(J_{m+1})$ $oQ(J_{m+1})\leq L(J_{m})+K_{0}Q(J_{m})$ . (32)
, $F(J)=L(J)+K_{0}Q(J)$ ,
$F(J_{1})\leq T.V.U0+K_{0}(T.V.U_{0})^{2}\leq\overline{2}\mathcal{T}1$
, 22 , $F(J_{m})$ $m$ .C
. , .
$L(J_{m})\leq F(J_{1})\leq$ . (33)
(31) $m$ ;
$\sum_{l,m}Q(\mathrm{P}_{l,m})\leq 2Q(J_{1})\leq 2(T.V.U_{0})^{2}$. ( )
. $\lim_{marrow\infty}t_{m}=T<\infty$ . : $\rho>0$
, (34) , $t=tM_{1}$
$\sum_{l}Q(\mathrm{P}_{l,\mathrm{A}t_{1}})<\rho$ (35)
, . $x=x\iota$ ,
$j_{1}<j2<\cdots<j_{\mathrm{p}}$ , $U_{L}=U^{h}(x_{l}-0,t_{M_{1}}),U_{R}=U^{h}(x_{l}+0,t_{M_{1}})$
$j$- $\epsilon_{j}$ . $U_{L}$ $\epsilon_{j_{1}}$ jl-
$U_{1}$ , $U_{1}$ $\epsilon j\mathrm{a}$ $k_{2}$- $U_{2}$ , $U_{1},U_{2},$ $\ldots U_{\mathrm{p}}=\overline{U_{R}}$
. . , \lambda \sim +l>ma ,I\lambda j $(U)|$
, $\tilde{U}_{R}$ $U_{R}$ $x-x\iota=\lambda_{n+1}(t-M_{l})$
. ( ) $U^{h}(x,t)$ .




$\ldots$ , $t_{M_{1}}^{(1)},t_{1}^{(2)},$ $\ldots,t_{M_{2}}^{(2)},$ $\ldots$ , $t_{1}^{(k)},\ldots$ , $t_{M_{k}}^{(k)},$ $\ldots$ (36)
3: $(n=3)$
148
($t_{j}=t_{j}^{(1)},$ $1\leq j\leq M_{1}$ ). $n+1$
$O(Q(\mathrm{P}_{l,M_{k}}))$ , $\lambda_{n+1}$ ;
(non-physical wave) . ,
; , $U_{L}$ $\tilde{U}\iota$ , $\tilde{U}_{L}$ $U_{R}$
$j$- $\epsilon j$ , $U_{L}$ $\epsilon_{j}$ j-
, $\tilde{U}_{R}$ $U_{R}$ .
, $t=$ .
$U^{h}(x,t)$ , , .
, {x=x (-t)}l $\leq \mathrm{n}\leq N$ : , $\{y=y\rho(t)\}_{1\leq\beta\leq N’}$ : 2
, $\rho$ .
1. $x=x_{\alpha}(t)$ , $U\pm=U^{h}(x_{\alpha}\pm 0,t)$ , , (a)
], (b) $U_{+}$
$U_{-}$ , , $U_{+}=U$ ( $\epsilon_{\alpha}$ ; U-) , 0<\epsilon $<h$ .
2. $x=y\rho\{t$) $\lambda_{n+1}$ , 1 :
$\sum_{1\leq\beta\leq N’}|U^{h}(y\rho+0,t)-U^{h}(y\rho-0,t)|<h$
.
1. , 2. , ae
$\Delta L(t_{m})--L(J_{m+1})-L(J_{m})$ , $\Delta Q(t_{m})=Q(J_{m+1})-Q(J_{m})$
, (generation order) .
1. $t=0$ order 1.
2. $t=t_{m}$ [ $p$ $\alpha_{i_{1}}^{(1)},\alpha!_{2}^{2)}.,$ $\ldots,\alpha!_{p}^{\mathrm{p})}.(i_{1}\geq i_{2}$ $\geq\ldots$ \geq i , $n$
$\epsilon_{1},\epsilon_{2},$ $\ldots,\epsilon_{n}$
(a) $i=i\iota=\dot{\mathrm{t}}\iota+1=\backslash \backslash \backslash$ $\mathrm{e}_{\dot{l}}$ order , $\dot{\tau}$- ordcr .
(b) $i\neq i_{1},i_{2},$ $\ldots,i_{\mathrm{p}}$ $\epsilon$: order , order +1.
, : $\alpha!_{l}^{l)}$. $h$
$J\iota$ $\epsilon t-\Lambda$ ,
+1 ( $h<\epsilon_{l}<2h$ ). ,
, , [1] . $k$
$L_{k}\langle J_{m}$) $=$ $\sum|\epsilon|$ : $\epsilon\in W\{J_{m}$), $xdex\geq k$
$Q_{k}(J_{m})$ $=$ $\sum|\alpha\beta|$ : $\alpha,\beta\in W(J_{m})$ , approaching, $\alpha$ $\beta$ order $\geq k$
, $I_{k}$ , $\alpha!_{1}^{1)}.,$ $\alpha!_{2}^{2)}.,$ $\ldots,$ $\alpha_{\dot{l}p}^{(\mathrm{p})}$ order
$k$ -. ,.
23
1. $\Delta L_{k}(t)=0$ $t\in I_{1}$ U... $\mathrm{U}I_{k-2}$
2. $\Delta L_{k}(t)+C0\Delta Q_{k-1}(t)\leq 0$ $t\in I_{k-1}\cup I_{k}\cup I_{k+1}\ldots$
3. $\Delta Q_{k}(t)+C_{0}\Delta Q(t)L_{k}(t-0)\leq 0$ $t\in I_{1}$ U... $\cup I_{k-2}$
4. $\Delta Q_{k}(t)+C_{0}\Delta Q_{k-1}(t)L(t-0)\leq 0$ $t\in I_{k-1}$
5. $\Delta Q_{k}(t)\leq 0$ $t\in I_{k}\cup I_{k+1}\ldots$
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, 1,3,4,5 . 2. : $L_{k}(t)$ , order $\geq k-1$
; $Q_{k-1}(.t-0)$ , $Q_{k-1}(t+\mathrm{O})$
.
$L_{k}(t)(k\geq 2)$ . , I + $= \max\{s,0\},.[s]_{-}=\max\{-s, 0\}$
, $L_{k}(0)=Q_{k}(0)=0,$ $k\geq 2$ , 1. -5. $\mathrm{A}\mathrm{a}$ ,
$O(1)$
$L_{k}(t)$ $\leq$
$O(1) \sum_{0<\tau\leq t}[\Delta Q_{k-1}(\tau)]_{-}$
,
$Q_{k}(t)$ $\leq$
$O(1) \sum_{0<\tau\leq t}[\Delta Q_{k-1}(\tau)]_{+}$
$\leq$
$O(1) \sup_{t>0}L_{k}(t)\sum_{0<\tau\leq t}[\Delta Q(\tau)]_{-}+O(1)\sup_{t>0}L(t)\sum_{0<\tau\leq t}[\Delta Q_{k-1}(\tau)]_{-}$
.
$0 \leq Q_{k}(t)=\sum_{0<\tau\leq t}\{[\Delta Q_{k}(\tau)]_{+}-[\Delta Q_{k}(\tau)]_{-}\}$
$\backslash \sum[\Delta Q(\tau)]_{-}=Q(0)-Q(\infty)\leq F(0)$
$0<\tau<\infty$
$L_{k}(t)\leq L(t)\leq F(0)$





$Q_{k}(t)\leq\tilde{Q}_{k}\leq O(1)\gamma^{k}$ , $L_{k}(t)\leq\tilde{L}_{k}\leq O(1)\gamma^{k-1}$ (37)
, $k$ $M_{k}$ .
$N$ , $M_{1}=N$. 2 $\propto \mathrm{d}\mathrm{e}\mathrm{r}1$ 1 ,
, $O(1)h^{-1}$ . ,
$M_{2}\leq N+O(1)h^{-1}N^{2}$ . , $M_{\mathrm{r}}\leq M_{narrow 1}+O(1)h^{-1}M_{n-1}^{2}$
. , $M_{k}$ $N_{\mathrm{F}},1$ . ,
$t$ }
$\sum|\alpha|$ : $\leq$ $\sum$ $|\alpha|+$ $\sum$ $|\alpha|$
order$>k$ order$\leq k$
$=$ $O(1)\gamma^{k}+O(1)(N^{Pk}+h^{-qk})\rho$








$ffi 2.1 $n\Re \mathrm{f}\mathrm{f}\mathrm{i}\sigma$) $\Rightarrow\ovalbox{\tt\small REJECT}\backslash \mathrm{g}T.V.U_{0}l^{\mathrm{i}}+9’\int\backslash \mathrm{S}\iota\backslash \ \mathrm{g}$
1. $T.V^{-}.U^{h}$( $*$ ,t)\leq A 2. $||U^{\#}(*, *)||_{L\infty}\leq M^{-}$, ( )
3. [$|U^{h}(*,t)-U^{h}(*,s)||_{L^{1}}\leq M(t-s),$ $t>s$ (39)
. $M$ $h$,t .
(38), (39) , 21 , .
21 $U^{h}$ $harrow \mathrm{O}$ $L_{lo\mathrm{c}}^{1}$ ( ) ,
$U$ $L_{l\propto}^{1}$ $F(U^{h})arrow F(U)$ .
, $U(x,t)$ (38) $L^{1}$- (39) . ,
$U(x,t)$ . (36) , , ... , $t_{n},$ $\ldots$ .
, $C^{1}$- $\phi$ , $J(U,\phi;[s_{1},s_{2}])$
$J(U,\phi;[s_{1},s_{2}])$ $=$ $\int\int_{R\mathrm{x}[s_{1},\epsilon_{2}]}\{\phi_{t}\cdot U+\phi_{x}\cdot F(U)\}dxdt+$
$+ \int_{R}\phi(x,s_{2})\cdot U(x, s_{2})dx-\int_{R}\phi(x,s_{1})\cdot U(x,s_{1})dx$
. $J_{m}$ $x=x_{l}(t)$ ( $s_{l}$ )
$\mathcal{J}(U^{h},\phi;[t_{m},t_{m+1}])=\sum_{l}J_{t_{m}}^{t_{m+1}}\{s_{l}[U^{h}]_{x=oe\iota}-[F(U^{h})]_{x=x_{l}}\}\cdot\phi(x_{l},t)dt$
, , L217




$j^{\sim}(\overline{\tilde{U}}^{h},\phi;[0,\tilde{\prime \mathit{1}}\tilde{?})=O(\overline{\overline{h}}’i’\backslash -.-\dot{V}.\tilde{\tilde{U}}_{0}\overline{)’\mathit{1}}’-+O(\overline{h})^{\hat{\prime}}\mathit{1}’-arrow 0$ $(\dot{h}arrow 0)$
, $U$ . , $i\overline{l}$
$q$ } (Lax [23], Bressan [3] ),
. 13 .
21 [30], [31] Glimm
, . [1] , 1
$\alpha_{0}^{-}$ , order $k$ $O(1)\gamma^{k}|\alpha_{0}^{-}|$
. , (.37) .
23
, . , ,
, .
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Gh.mm , Chorin [10] . $\text{ }$ ,
,
, . , ,
, . Ghmm [18], Chern [9]
, 1 Glimm .
, RisebroeTveito [34]
( Risebro [33] ). , Fiedrichs-Lax Glimm
, , .
, , ; , Glimm
. , ,
, . ,
, : $\rho>0$ , ] $\mathrm{A}\mathrm{a}$ .
, ,
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